In this paper some properties of the superstring with noncommutative worldsheet are studied. We study the noncommutativity of the spacetime, generalization of the Poincaré symmetry of the superstring, the changes of metric, Kalb-Ramond field and dilaton and the Hamiltonian of the superstring.
Introduction
The noncommutative geometry [1] has been considered for some time in connection with various physics subjects. Recent motivation to study the noncommutative geometry mainly comes from the string theory. String theories have been pointing towards a noncommuting scenario already in the 80's [2] . Recently Yang-Mills theories on noncommutative spaces have emerged in the context of M-theory compactified on a torus in the presence of constant background three-form field [3] , or as low-energy limit of open strings in a background Bfield, describing the fluctuations of the D-brane worldvolume [4, 5, 6] . The worldvolume of a D-brane with constant background B-field, is an example of a noncommutative spacetime, in which gauge and matter fields live [3, 4, 5, 7] .
Field theory on a noncommutative space has been proved to be useful in understanding various physical phenomena. Noncommutative field theory means that fields are thought of as functions over noncommutative space. At the algebraic level, the fields become operators acting on a Hilbert space as a representation space of the noncommutative space [8] .
Previously we considered the superstring action as a two dimensional noncommutative field theory [9] . Up to the first order of the noncommutativity parameter, some physical quantities are obtained. Now we study another properties of the superstring with noncommutative worldsheet, to all orders of the noncommutativity parameter. Note that we are interested in the classical level, that everything is fine. Therefore we neglect the noncommutativity of the time and the unitarity. This paper is organized as follows. In section 2, we study the general aspect of the action of the superstring with noncommutative worldsheet. In section 3, the noncommutativity of the spacetime resulted from the noncommutativity of the string worldsheet, is studied. In section 4, a general form for the Poincaré transformations and the associated currents are given. In section 5, the effects of the noncommutativity of the worldsheet on the metric, Kalb-Ramond field and dilaton are extracted. In section 6, we derive the Hamiltonians of the closed and open superstrings.
Noncommutative Worldsheet
We look at the superstring action as a two dimensional noncommutative field theory. We assume that the superstring worldsheet is a two dimensional noncommutative space. In this space superstring with worldsheet supersymmetry, has the action
where the spacetime and the worldsheet metrics are η µν = diag(−1, 1, ..., 1) and η ab = diag(−1, 1). We later discuss about the supersymmetry of this action. The star product in this action, is defined between any two functions of the worldsheet coordinates σ a = (σ, τ )
In two dimension the antisymmetric tensor θ ab has only one independent component, i.e. θ ab = θǫ ab , where ǫ 01 = −ǫ 10 = 1. Definition (2) gives the noncommutativity between the worldsheet coordinates as
The equations of motion of the worldsheet fields are
where ∂ ± = 1 2 (∂ τ ± ∂ σ ). Therefore ψ µ − and ψ µ + are the right moving and the left moving components of ψ µ . These equations are the same that appear for the superstring with ordinary worldsheet. For the next purposes we need the solutions of these equations. For closed string there is
where L µ is zero if the direction X µ is non-compact, and is N µ R µ if this direction is compact on a circle with radius R µ . In this case the momentum of the closed string is quantized For open string we have the solution
Note that this solution satisfies the boundary conditions of the variation of the action (1). In this variation there are infinite number of boundary terms. These terms contain derivatives that are originated from the noncommutativity of the string worldsheet. The following boundary condition is sufficient to drop all these terms
where σ 0 = 0, π shows the boundaries of the open string worldsheet.
Consider global worldsheet supersymmetry transformations
Invariance of the action under these transformations, leads to the worldsheet supercurrent
According to the equations of motion, this is a conserved current, i.e. ∂ a J a = 0.
Spacetime noncommutativity
Noncommutativity of the string worldsheet directly leads to the noncommutativity of the spacetime. Making use of the formula
we obtain the following noncommutativities for the spacetime
from the open string point of view, and
from the closed string point of view. The right hand sides of the relations (11) and (12) are non-zero. This is because of the non-zero value of the parameter θ. Therefore the noncommutativity of the spacetime, resulted from the noncommutativity of the string worldsheet, depends on the fact that the propagating string is open or is closed. Now consider the following expectation values of the commutators (11) and (12)
where |v = |0,0 ; {M µ }, {N ν } is a closed string state with the momentum numbers {M µ } and the winding numbers {N µ }, and 
Poincaré symmetry
Superstring with ordinary worldsheet has Poincaré invariance. Poincaré transformations δX µ = a µ ν X ν + b µ and δψ µ = a µ ν ψ ν , are global symmetries of the theory with ordinary worldsheet, where a µ ν is a constant antisymmetric tensor and b µ is a constant vector. Two conserved currents are associated to them. For the superstring theory with noncommutative worldsheet, these transformations can be generalized. Therefore the effects of this generalization also appear in the currents. The generalized transformations are
where φ(σ, τ ) is a scalar of the worldsheet that will be determined in terms of the coordinates σ and τ .
Making use of the equations of motion, the variation of the action (1) under the transformations (15), is
For vanishing of this variation, one possible case is that ∂ a φ be constant, i.e. independent of the coordinates σ and τ
this equation has the solution
where c 0 , c 1 and φ 0 are constants.
The currents associated to the transformations (15), are
The constant φ 0 has no effects on the transformations (15) and the current (20). According to the equations of motion, these currents are conserved, i.e. ∂ a P µ a = 0 and ∂ a J µν a = 0.
If the noncommutative worldsheet changes to the ordinary worldsheet, the transformations (15) and the currents (19) and (20) reduce to the ordinary case, as expected.
more generalization
Transformations (15) can be generalized as
for some N and arbitrary coefficients {b i }, where
Again with the choice (18) for φ, the variation of the action (1) under the transformations (21) vanishes. Define the differential operator D as
therefore ψ µ n can be written
this simplifies the second transformation in (21) as the following
For the special choices b n = 1 n! and N → ∞ this transformation becomes
which follows by combination of the shifts on the worldsheet coordinates and a rotation in spacetime.
The currents associated to the transformations (21), are (19) and
which is conserved, i.e. ∂ a J µν a = 0. This is more general than the current (20). Note that the parameters {b i }, c 0 and c 1 in the transformation (25) and in the current (27), remain arbitrary. For c 0 = ±c 1 , the operator D is proportional to ∂ ∓ . In this case the effects of the noncommutativity of the worldsheet on the fermionic part of the current (27), for n ≥ 1, are collected in the derivative D, and the star product appears as usual product (see equation (10)). Also the transformation (25) for n ≥ 1 only has derivatives of the left moving or the right moving components of the worldsheet fermions ψ µ .
The fields B µν , g µν and Φ
We are interested in to know the effects of the noncommutativity of the string worldsheet on the metric, antisymmetric tensor and dilaton. We discuss on these fields both in the bosonic string and in the superstring theories. The states of these fields can be extracted from their vertex operators.
For the bosonic string consider the operator
Making use of the solution (5), therefore from the state |ω µν ≡ Ω µν (0)|0 ; p = 0 ,
we read the state
According to this state we have
Therefore these fields take only a phase. Modification of the dilaton changes the string coupling constant.
For the superstring, B µν , g µν and Φ are the NS⊗NS sector fields. The states of these fields can be extracted from the following state
from this state we read the following state
According to this state there are
Therefore the corrections of the metric, antisymmetric tensor and dilaton in the superstring theory are different from their corrections in the bosonic string theory.
Superstring Hamiltonian
We define the Hamiltonian density as the following combinations
for the bosonic part, and
for the fermionic part, where * is defined by the parameter θ ′ which is zero or is θ. For θ ′ = 0, the definitions (35) and (36) reduce to the usual definition of the superstring Hamiltonian.
According to the action (1) the conjugate momenta are
Substitute the momenta (37) in the definition (36) and use the equations of motion of the worldsheet fermions, the fermionic part of the Hamiltonian density takes the form
which is independent of the parameters θ and θ ′ (see equation (10)).
For the bosonic part, the Hamiltonian is
For the closed string this is
where H 0 is the Hamiltonian of the closed string with ordinary worldsheet, i.e.
For the open string we have
where H ′ 0 is the Hamiltonian of the open string with ordinary worldsheet
For θ ′ = 0, both of the Hamiltonians (40) 
Conclusion
The noncommutativity of the string worldsheet leads to the noncommutativity of the spacetime. The latter depends on probing with the open or closed string. If some of the spacetime directions are compactified on tori, the noncommutativity of the spacetime depends on the momentum numbers and the winding numbers of the probing closed string around these directions.
By adding some terms to the Poincaré transformations of the worldsheet fermions, the Poincaré symmetry of the superstring is generalized. The noncommutativity of the superstring worldsheet permits this generalization and consequently the generalized form of the associated conserved current.
We saw that the NS⊗NS fields of the type II superstring (metric, antisymmetric tensor and dilaton) change only by a phase. The changes of these fields in the bosonic string theory, are different from their changes in the superstring theory.
The fermionic part of the superstring Hamiltonian does not change. Depending on the definitions that are used for the Hamiltonian, the bosonic part of it may depend (or may not depend) on the noncommutativity parameter of the worldsheet.
As expected, for θ = 0, all these results reduce to the known cases of the superstring theory with ordinary worldsheet.
